The Su-Schrieffer-Heeger model describes fermions that hop on a one-dimensional chain with staggered hopping amplitude, where the unit cell contains two sites, or two sublattices. In this work we consider the Su-Schrieffer-Heeger model with superconducting pairing and show that the sublattice index acts as an additional quantum number in the classification of Cooper pairs, giving rise to inter-and intra-sublattice odd-frequency pair correlations in the bulk. Interestingly, this system behaves as a two band superconductor where the bulk odd-frequency correlations depend solely on the intrinsic staggering properties of the model. In general, odd-frequency correlations coexist with even-frequency correlations in both the trivial and topological phases, with comparable and even larger odd-frequency amplitudes at the topological phase transition points at low frequencies, due to the closing of the energy gap at these points. Furthermore, we also discuss how bulk odd-frequency amplitudes are correlated with pseudo-gaps in the density of states and also with a charge density wave that appears due to the chemical potential imbalance between sublattices.
I. INTRODUCTION
Superconducting properties are highly determined by the symmetry of the Cooper pair wave function, or pair amplitude. Due to the fermionic nature of electrons, Fermi-Dirac statistics imposes antisymmetry on the pair amplitude under the total exchange of all quantum numbers, which can include spin, orbital, band, spatial and time coordinates, etc. The antisymmetry condition allows for electrons to pair at equal times but, interestingly, also permits pairing at different times, giving rise to temporally non-local pair amplitudes, which can be odd under the exchange of time coordinates, or equivalently odd in frequency (ω). [1] [2] [3] [4] [5] Odd-frequency (odd-ω) pairing can emerge as a bulk or induced phenomena and it has been shown that the main ingredient in both cases relies on breaking the system symmetries. [2] [3] [4] [5] For instance, it has been shown that odd-ω correlations can be induced in normal-superconductor junctions, 3, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] where their emergence occurs because the spatial parity of Cooper pairs is broken at the junction interface. Moreover, under the presence of a spin field in such junctions, e.g. from a magnetic field or spin-orbit coupling, spins get mixed, which then gives rise to even more exotic spin triplet odd-ω correlations. [2] [3] [4] [5] This has allowed for an understanding of a number of exotic phenomena: long-range proximity effect 2, 15 and paramagnetic Meissner effect [16] [17] [18] [19] [20] in superconductor-ferromagnet junctions, anomalous proximity-effect in spin-triplet superconductor junctions, [21] [22] [23] [24] [25] [26] Majorana zero modes 3, 5, [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] and surface impedance in topological superconductors. 43 Nowadays, induced odd-ω pairing in junctions is well established even experimentally, 44, 45 which reflects the vast activity made towards the understanding of this induced effect.
Odd-ω pairing can also appear as a bulk effect in superconductors, without the need of interfaces. This occurs in systems with multiple degrees of freedom such as multi-band superconductors, [46] [47] [48] [49] , double quantum dots, 50, 51 and double nanowires, 35, 65 where the band, dot, or wire indices, respectively, allow for a more broaden family of Cooper pair symmetries where odd-ω correlations can then emerge without the need of interfaces as in junctions. In particular, in multiband superconductors it has been shown that odd-ω pairing can be correlated with observable signatures such as gaps in the density of states (DOS) at higher energies 47 and Kerr effect. 52, 53 The higher energy gaps result from the hybridization of normal bands, 46 which can be seen as an intrinsic symmetry breaking phenomenon, unlike the extrinsic interfaces present in junctions.
Another interesting route to bulk odd-ω correlations is through inherent staggered properties. For instance, it has been shown that in buckled quantum spin Hall insulators bulk odd-ω correlations appear due to an staggered order parameter but no sign of higher energy gaps in the DOS was reported. 54 Even more interestingly, it has recently been shown in nanowires with Rashba spinorbit coupling that intrinsic staggered hopping and spinorbit coupling can induce a topological superconducting phase that completely repels the topological phase of the uniform nanowire. 55 Since these nanowires represent one of the most investigated platforms for onedimensional topological superconductivity, [56] [57] [58] the reported staggered-induced topological phase is within experimental reach and its fundamental understanding is, therefore, important. Generally, this can be achieved by a proper investigation of the emergent superconducting pair correlations, which has not been carried out so far; odd-ω correlations are expected to play an important role due to the topological nature of this exotic staggered phase, as it has been shown for other topological systems. 3, 5, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] As a consequence, a general exploration of systems with intrinsic staggered properties is timely, can reveal the emergence of exotic bulk superconducting properties, and add fundamental understanding to these effects.
arXiv:2003.00528v1 [cond-mat.mes-hall] 1 Mar 2020
In this work we consider the possibly simplest staggered superconducting system: the Su-Schrieffer-Heeger (SSH) model with superconducting (SC) correlations, as shown in Fig. 1 , and study the emergence of bulk odd-ω pair correlations. The SSH model, initially proposed in the context of the polymer polyacetylene, 59, 60 describes fermions that hop on a one-dimensional chain with staggered hopping amplitude and also exhibits a topological phase. Here, the unit cell contains two sites, denoted as A and B and here referred to as the A and B sublattices. The spin is absent in the SSH model, which can then be interpreted as a spinless or spin-polarized system. 61 We consider the simplest superconducting pairing in the SC SSH model, including intra and intercell nearest-neighbor pairing. 62, 63 This system has been shown to exhibit a onedimensional topological superconducting phase with Majorana zero modes (MZMs). 62, 63 MZMs appear exponentially localized at the ends and their pair amplitudes have been shown to exhibit odd-ω symmetry. 3, 5, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] MZMs have attracted an enormous amount of attention due to their potential use for building topological protected qubits. [56] [57] [58] 64 Interesting, the SC SSH model captures the main intrinsic staggered properties of systems that are under active investigation, [56] [57] [58] 64 such as in buckled quantum spin Hall insulators 54 and in nanowires with Rashba spin-orbit coupling. 55 Therefore, the study of pair correlations in the SC SSH model is expected to provide fundamental understanding of superconducting correlations in these systems.
We demonstrate that, under general conditions, there is a coexistence of bulk even-and odd-ω correlations in the trivial and topological phases of the SC SSH model, where both amplitudes develop intra-and intersublattice components. We have performed this analysis both in momentum (infinite system) and real space (finite system), where in the latter case the bulk pair amplitudes are probed far from the edges. We find that the bulk oddω correlations emerge due to intrinsic properties of the SC SSH model. In fact, while the bulk intra-sublattice odd-ω terms only depend on the staggered hopping and pair potential, the bulk inter-sublattice odd-ω component necessitates both a finite chemical potential sublattice imbalance and finite pair potential. Although the bulk odd-ω terms exhibit small values almost everywhere, interestingly, its low-ω components are enhanced at the topological phase transition due to closing of the energy gap, acquiring values comparable to those of the even-ω amplitudes. Our findings of bulk odd-ω pair amplitudes in the SC SSH model are consistent with Fermi-Dirac statistics, where the additional degree of freedom, offered by the sublattice index A and B, extends the classification of superconducting correlations. This is similar to what has been reported in multiband superconductors, [46] [47] [48] double quantum dots, 50,51 and double nanowires. 35, 65 Moreover, when the system is of finite length, we find that, at the edges, the low frequency odd-ω components in the topological phase develop larger values than the even-ω terms due to MZMs, 3,5,28-42 an effect we explic- itly associate with the topological bulk invariant through the so-called spectral edge boundary correspondence. 66, 67 We also explore possible measurable signatures of the obtained bulk odd-ω correlations in the SC SSH model. We find that the density of states (DOS) develops higher energy pseudo-gaps, whose existence correlates with the emergence of odd-ω amplitudes, similar to what has been reported for certain multiband superconductors. 46 Furthermore, we discover that the inter-sublattice odd-ω amplitude are finite when each sublattice has a different chemical potential, an effect that also gives rise to a finite charge density wave (CDW), 68-71 whose non-zero value then automatically signals the emergence of intersublattice odd-ω correlations. Lastly, we find that the emergence of MZMs, e.g. as a zero energy peak in LDOS, is a clear signal of large inter-and intra-sublattice odd-ω amplitudes. Odd-ω correlations can thus provide fundamental understanding of specific features in the DOS and CDW state in the SC SSH model.
The remainder of this article is organized as follows. In Sec. II we present the model and outline the employed method. In Sec. III we present our results demonstrating the emergence of bulk odd-ω pairing. We then, in the same section, study the relation to superconducting fitness 72, 73 and show that it captures the conditions for odd-ω pairing. In Sec. IV, we discuss odd-ω pairing in the finite length SC SSH model. In Sec. V, we explore some of the possible signatures of bulk odd-ω correlations. Finally, we present our conclusions in Sec. VI.
II. MODEL AND METHOD
We consider the SC SSH model with intra-and inter-sublattice superconducting pairing as schematically shown in Fig. 1 and modeled in real space by H =
where c A(B),j (c † A(B),j ) is an annihilation (creation) operator on j-th cell and A(B) sublattice. Note that Eq. (1) is in real space and models the finite length SC SSH system. The first and second lines in Eq. (1) correspond to the usual SSH model in the normal state but where each sublattice A and B have a different chemical potential µ A,B , thus giving rise to a charge density wave (CDW). 70 The hopping between sites/sublattices is represented by t > 0, with η being the staggering parameter in the hopping term. The third term is the superconducting pairing, 62, 63 where pairing occurs between A and B sublattices both in the same cell j and also between neighboring cells, with ∆ being the pair potential andη models the staggering in the pair potential. This represents the simplest possible pairing in the SC SSH model and has been shown to be relevant in previous studies. 62, 63 Here the staggering in the hopping and pairing, caused by non-zero η andη, assumed real without loss of generality, is an intrinsic property of the SC SSH model. Moreover, the imbalance of chemical potentials between A and B sublattices in Eq. (1) gives rise to a CDW gap 70 of µ A − µ B in the normal energy versus momentum dispersion (see below) which will be relevant when looking at signatures of odd-ω pairing in experimental observables.
In order to visualize the emergence of bulk odd-ω pair correlations, we perform the analysis in momentum space, as it is common for bulk properties. We first Fourier transform Eq. (1) into momentum space, which in the Nambu basis Ψ k = (c A,k , c B,k , c † A,−k , c † B,−k ), then reads,
where
and (1 −η)cos(ka)] + i[(1 −η)sin(ka)]}, where the first (second) term in square brackets is even (odd) in momentum k, and can be seen as s-and p-wave components, respectively.
A. Energy versus momentum dispersion
Before going further we inspect the energy versus momentum dispersion of the SC SSH model in order to obtain an understanding of its intrinsic properties, which we later use when exploring detection schemes of oddω correlations. By diagonalizing Eq. (2) we obtain four energy bands given by ±E ± , with
In the normal state, i.e. ∆ = 0, the energy bands are depicted in Fig. 2 (a). The electron (hole) energy bands E ± (−E ± ) cross at higher energies, E + = E − , at k = ±π/a when η = 0, T k = 0, and µ A = µ B , as seen in blue curves in Fig. 2(a) . Interestingly, when either T k = 0 or µ A = µ B , the normal electron (hole) bands hybridize and open higher energy gaps of size E + − E − , at k = ±π/a, see red curves in Fig. 2(a) . In what follows we refer to these higher energy gaps as hybridization gaps. In particular, if T k = 0, the hybridization gap is given by
, which corresponds to the CDW gap 70 due to the chemical potential imbalance between sublattices. On the other hand, when µ A = µ B , the hybridization gap is given by
Remarkably, the hybridization gaps seen in the energy bands (red curves in (a)) manifest in the electronic DOS as higher energy gaps as well, as seen in Fig. 2(b) .
A finite value of the pair potential, ∆ = 0, opens a gap at the Fermi points (zero-energy crossings between electron and hole bands) in the normal spectrum, as shown in Fig. 3 (a-c) for different values of the chemical potentials. Interestingly, the higher energy hybridization gaps observed in the normal DOS are also partly captured in the DOS at finite ∆, as seen in Fig. 4 for different values of the chemical potentials. However, since the higher energy gaps in the DOS at finite ∆ are not fully developed, we refer to them as pseudo-gaps. Further details of the energy bands and DOS at finite ∆ are discussed in Subsection II B.
B. Winding number
The SC SSH model also exhibits interesting topological superconducting properties due to its intrinsic features. In what follows we analyze the topological phases of the SC SSH model given by Eq. (2) for a non-zero pair potential ∆. In order to characterize the different topological phases in the SC SSH model we calculate the winding number associated with H(k) in Eq. (2) . H(k) has chiral symmetry and anticommutes with a chiral operator Γ = σ 0 τ 1 , with the winding number 74 defined as
In Fig. 3(d) we present the winding number W as a function of η and µ A for ∆/t = 0.1, µ B /t = 1,η = 0.2. As can be seen, W takes the value 0 and ±1, which corresponds to the trivial and topological phases, respectively. The topological phase occurs for µ c1 < µ A < µ c2 , where µ c1,2 correspond to critical values that determine the phase boundary or topological phase transition (TPT). For a finite length SC SSH model in the topological phases with W = ±1, the system hosts MZMs at its end points, 62, 63 as expected from the bulk-boundary correspondence. Further insights to the different phases of the SC SSH model are obtained from the fact that topological phases can be distinguished by looking at the regimes where the band gap closes. To see this, in Fig. 3 (a-c) we show the energy dispersion at non-zero ∆, given by Eq. (5), where we fix the parameters as in (d) and take η = 0.1 but vary µ A such that it captures the different phases shown in (d) at the filled black circles. In the trivial phase (a), the energy gap at the Fermi energy (E = 0) is larger than ∆ since it opens even for the normal state with ∆ = 0. At the TPT in (b), the energy gap closes and marks the topological transition point. The condition for the closing of the gap can be obtained from E − (k) = 0 leading to the following two conditions: which have to be simultaneously satisfied. In the topological phase (c) the energy gap is approximately given by ∆ since the SC gap now opens at the Fermi points.
The pseudo-gaps in the DOS at finite ∆, introduced in previous subsection, in the different phases of the SC SSH model is visualized in Fig. 4 . In the trivial phase, Fig. 4(a) , the pseudo-gaps appear at E/t ∼ ±1 due to the opening of the hybridization gap in the energy bands at ka = ±π in Fig. 3(a) . At the topological phase transition (b), the lowest energy gap closes at the Fermi energy and there is a pseudo-gap at E/t ∼ −0.5 due to the opening of a hybridization gap at ka = ±π reported in Fig. 3(b) . In the topological phase (c), a small pseudo gap at E/t ∼ −1 emerges as seen in Fig. 4(c) , which is again the result of a band hybridization in the energy bands, presented in Fig. 3(c) . Therefore, we conclude that band hybridization gives rise to pseudo-gaps at higher energies in the DOS of the SC SSH model, which is also similar to what occurs in certain two band superconductors. [46] [47] [48] [49] 
C. Green's function method
In this work we aim at investigating the pair correlations in the SC SSH model. For this purpose we calculate the full system Green's function,
where H is given by Eq. (2) 
where F AA,BB and F AB,BA correspond to intra-sublattice and inter-sublattice pair correlations, originated from the sublattice index A and B. Moreover, each element of the anomalous term F ab (iω), represents a pair amplitude with momentum k or spatial coordinates in real space, frequency ω, and sublattice dependence a, b =A, B. The sublattice index, therefore, extends the classification of Cooper pairs in this system, where the symmetries of F AA,BB,AB determine the symmetries of the superconducting correlations and play a crucial role for the emergence of bulk odd-ω correlations in the SC SSH model, as discussed next. This view is further supported by previous studies in multiband superconductors, 46-48 double quantum dots, 51 and double nanowires 35 where the band, dot, and wire indices, respectively, played the role of the sublattice index discussed here in the SC SSH model. We stress that the sublattice degree of freedom represents an intrinsic property of the SC SSH model considered in Eq. (1) and, therefore, does not depend on external considerations as e.g. interfaces in junctions. From the Green's functions in Eq. (10) we can also calculate experimental observables that are important for the characterization of superconducting correlations. For instance, the normal Green's function G 0 allows the cal-
represents the DOS at sublattice A(B), with E being the real energy. We assume δ/∆ = 10 −5 throughout this work.
III. BULK PAIR CORRELATIONS
In this part we investigate the bulk pair correlations in the SC SSH model. By using Eq. (10) we obtain the pair amplitudes,
where P (iω, k) is a frequency and momentum dependent real polynomial in even powers of ω and k whose explicit expression is not important for our discussion here but is for completeness given in Appendix A.
The main observation from Eqs. (13) is that there is a linear frequency dependent term in both the intra-F AA,BB (second term) and inter-sublattice F AB,BA (first term) pair amplitudes. These linear frequency components represent the odd-ω pair correlations. The odd-ω amplitudes describe pair of electrons at different times, which vanish at equal times, thus reflecting that odd-ω pairing is an intrinsically dynamical phenomenon 2-5 that differs from the standard even-ω pairing. Further understanding of the pair correlations in the SC SSH model is given by analyzing the symmetries of the pair amplitudes in Eqs. (13) in terms of its frequency, momentum, and sublattice indices.
In the case of intra-sublattice amplitudes, given by the first two relations in Eqs. (13) , we notice that F AA,BB have two clear components, with the first term being even in ω and the second term being odd in ω. The even-ω term,
, is clearly odd in momentum k where we have used the expressions for ∆ k and T k given by Eqs. (4) . On the other hand, the odd-ω term, ∆ * k T k +∆ k T * k = 4it∆[η +η +(η −η) cos(ka)], is even in momentum k. Notice that the intra-sublattice odd-ω amplitudes F AA,BB are finite only whenη and η are non-zero (t and ∆ are always assumed to be non-zero), and thus a consequence of the intrinsic sublattice symmetry breaking in the SC SSH model 62, 63 but also predicted to appear in other systems such as in buckled quantum spin Hall insulators, 54 or in nanowires with Rashba spinorbit coupling. 55 At ηη = 1, however, the even-ω com-ponent is zero, leaving only finite intra-sublattice odd-ω correlations. Furthermore, the intra-sublattice pairing are automatically even (E) under the exchange of sublattice indices. This, together with the discussion above, implies that the intra-sublattice pair amplitudes given in Eqs. (13) can be classified as EEO and OEE symmetry classes in the frequency-sublattice-momentum nomenclature.
For the inter-sublattice pair symmetries we proceed as in previous paragraph, but before continuing we write the even and odd combinations under the exchange of A,B: F ± (iω, k) = [F AB (iω, k) ± F BA (iω, k)]/2. Then, by a close inspection, we obtain that each, F + and F − , has even-and odd-ω components whose symmetries are classified as OOO and OEE in the frequencysublattice-momentum nomenclature. Their explicit expressions are:
, with an evident even and odd momentum dependence, respectively, in order to fulfill Fermi-Dirac statistics. To obtain the expressions for OOO and OEE amplitudes we have used the expression for ∆ k given in Eq. (4). Importantly, the non-zero value of inter-sublattice odd-ω terms, F OEE + and F OOO − , is conditioned to the finite chemical potential imbalance between sublattices A and B, whose size corresponds to the CDW gap. 70 In addition, also non-zero values ofη, ∆ are needed.
Following a similar inspection as discussed above, we find that the inter-sublattice pair amplitudes F ± also have even-ω components, corresponding to F EEO + and F EOE − , and noticeable from the second and third terms in the last two expressions of Eqs. (13) . These even-ω amplitudes represents a more standard type of superconducting pairing, 2-5 which can account for pairing of electrons at equal times, unlike the odd-ω correlations.
In order to visualize the discussion made in previous few paragraphs, we define the "s-wave", which is even in k, and the "p-wave", which is odd in k, components of the anomalous Green's function, as 
where a and b denote sublattices A or B and F ab correspond to the pair amplitudes given by Eqs. (13) . Then, in order to account for the symmetries discussed above, we also defineF AB−BA solely exhibit imaginary and real values, respectively, as shown in Appendix B. Note also that, by using Eqs. (13), we can show thatF OEE AA (iω) = −F OEE BB (iω), and, therefore, it is only necessary to investigate and plot one of them.
In Figs. 5 we plot the pair amplitudes given by Eqs. (15) as a function of the chemical potential µ A at ω/∆ = 10 −2 (a,b) and frequency ω (c-h), where in the former we also prove the different topological phases. The even-ω components develop generally larger values in the topological phase than in the trivial phase, as seen in (a). These even-ω correlations usually exhibit also larger amplitudes than the odd-ω terms in both the trivial and topological phases, as seen by comparing (a) and (b). However, at the TPTs (µ c1 and µ c2 marked with dashed vertical lines) both the intra-and inter-sublattice amplitudesF OEE AA(BB) andF OEE have divergent profiles with comparable or even larger values than their evenω counterparts. The inter-sublattice OOO component also exhibits its maximum value at TPTs but with an overall smaller amplitude than the even-ω terms. The divergent values at the TPTs occur because the denominator of the pair amplitudes, P (iω, k) in Eq. (13), has a singularity at the energy gap closing. Furthermore, at µ A = µ B (vertical dot-dashed grey line in Fig. 5(a,b) ), the inter-sublattice amplitudesF OEE andF OOO vanish, leaving only non-zero intra-sublattice odd-ω correlations with OEE symmetry. This can be also directly seen in Eqs. (13) .
Next we investigate the frequency dependence of the pair amplitudes in Figs. 5(c-h). As expected,F EEO AA(BB) , F EEO , andF EOE exhibit an even frequency dependence with their maximum absolute value occurring at ω = 0 in the trivial, TPT, and topological phases, as seen in (c-e) . Likewise, the odd-ω components,F OEE AA(BB) ,F OEE , andF OOO , display the expected odd frequency dependence. However, unlike all the even-ω terms, the intrasublattice OEE and inter-sublattice OEE amplitudes develop a maximum value around ω = 0 only at the TPT, which can be understood as a result of the energy gap closing at the TPT; the inter-sublattice OOO component at the TPT is instead very small and with smooth profile across ω = 0. In the trivial (f) and topological phases (h) all odd-ω components have a smooth and approxi- 
tF (iω) [10 mate linear frequency dependence at low frequencies.
We thus find that intra-and inter-sublattice odd-ω amplitudes, given by Eqs. (13) , do not vanish when T k = 0 and µ A = µ B , respectively, provided ∆ k = 0. Interestingly, the presence of these bulk odd-ω correlations can be correlated with experimental observables as well. In fact, in Subsection II B we show that either T k = 0 or µ A = µ B induce a hybridization of the normal electron (hole) bands in the SC SSH model which then give rise to pseudo gaps in the DOS, as seen in Fig. 4 . Therefore, this allows us to conclude that the pseudo gaps in the DOS indicates the presence of either intra-or intersublattice odd-ω correlations, as the conditions for these two effects to emerge coincide. We point out that these features are similar to what occurs in certain two band superconductors. [46] [47] [48] [49] To summarize this part, we stress that the SC SSH model hosts bulk dynamic odd-ω correlations, due to its intrinsic properties, namely, staggered hopping, staggered pair potential, and chemical potential imbalance.
While even-ω correlations develop larger values than the odd-ω amplitudes in the trivial and topological phases, at the TPTs the odd-ω amplitudes exhibit a divergent profile with values that are comparable or even larger than even-ω amplitudes. Our findings, therefore, suggest that both even-and odd-ω correlations must be considered when studying superconductivity in the SC SSH model.
A. Superconducting fitness
All the conditions that we have identified so far for the emergence of finite odd-ω correlations can be elegantly obtained by calculating the superconducting fitness, 72,73 C = H 0 (k)∆(k) − ∆(k)H * 0 (−k). It was demonstrated in Ref. 75 that it is possible to determine the presence of odd-ω pairing in multiband superconductors when C = 0. By plugging Eqs. (3) into C, we obtain the following
where only one of these expressions need to be satisfied in order for odd-ω pairing to appear. The finite value of the odd-ω amplitudes, obtained from Eqs. (13) , is fully consistent with the expressions derived from the superconducting fitness in Eqs. (16) . In fact, first condition in Eqs. (16) , clearly reflects the need of a chemical potential imbalance, which is indeed the necessary condition for finite inter-sublattice odd-ω correlations, F AB,BA , as can be seen in Eqs. (13) . Similarly, the second condition captures the non-zero intrasublattice odd-ω correlations, F AA,BB in Eqs. (13) .
IV. PAIR CORRELATIONS IN THE FINITE SIZE SC SSH MODEL
After showing that bulk odd-ω correlations emerge in the SC SSH model, we next explore the odd-ω amplitudes when the system has a finite size and is modeled in real space by Eq. (1). This is particular motivated because it has been shown that, in the topological phase, the SC SSH model hosts MZMs, 62, 63 and MZMs has been predicted to enhance odd-ω amplitudes at the edges of topological superconductors, 3,5,28-42 although they have not yet been investigated in the context of the SC SSH model.
We use a tight-binding representation for the SC SSH Hamiltonian, given by Eq. (1), in Nambu space with N lattice unit cells and lattice spacing a in the basis (c A,1 , c † A,1 , c B,1 , c † B,1 , . . . , c B,N , c † B,N ). The position coordinate is then denoted as x = ja with unit cell index j, being 1 ≤ j ≤ N , and system size L = 100a. We then obtain the pair amplitudes from the anomalous component of the Green's function g j1,j2 (iω) = (iω − H) −1 j1,j2 , where j 1,2 corresponds to two lattice sites in the tight-binding representation. The Green's function g has 4N × 4N elements due to the sublattice and particle-hole symmetries. Similarly, as for the discussion of the bulk pair amplitudes in Sec. III, in what follows we decompose the anomalous term of g into the symmetry classes defined in Eqs. (15) , which can be written as
f EEO AA(BB) (iω, j) =Imf n.n.
f EEO (iω, j) =Imf n.n. AB+BA (iω, j),
where f intra AA (iω, j) = g 4j−3,4j−2 (iω),
correspond to intra-and nearest-neighbor (n.n) unitcell components. We have checked that Eqs. (17) , (18) , (20) , and (21) have only imaginary parts, while Eqs. (19) and (22) only real, which is taken into account when discussing them next. These pair amplitudes allow us to make a direct comparison with the results found in the bulk system in previous section and displayed in Fig. 5 .
In fact, we have verified that in the bulk, at x = L/2 with sufficiently large L, i.e. far from both edges, the amplitudes obtained from Eqs. (17)- (22) coincide with the amplitudes obtained with Eqs. (15) , respectively. To proceed we concentrate on the topological phase where MZMs emerge at both edges. In Fig. 6 we present the pair amplitudes as a function of space and frequency. Here, the superconducting coherence length is approximately 4a, which then indicates that the system size is much larger than the coherence length. At low frequencies, all the even-ω amplitudes show roughly constant values in the bulk away from the edges for x 10a, 76 while at the edges they exhibit reduced but finite values, as seen in (a). On the other hand, the low-frequency oddω components develop a huge increase near the edges, from where they decay, but do not vanish, towards the bulk of the system in an exponentially oscillatory fashion (b). We attribute this enhancement to the emergence of MZMs in the topological phase, in a similar way as in other topological systems. 3, 5, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] Moreover, in order to identify the emergence of odd-ω amplitudes in the bulk as well as compare with the results presented in the previous section, we present in the inset of Fig. 6(b) , a magnified view. This probes the pair amplitudes for small ω/∆ = 10 −2 in the center of the system, at x ∼ 50a. Notice that the values of the odd-ω components are almost the same as those shown in Fig. 5(b) with µ A /t = 1. Likewise, we have verified that the even-ω terms at x = 50a coincide with those obtained using Eqs. (15) . Moreover, we stress that f OEE AA = −f OEE BB is only satisfied far from both edges, in agreement to what we discuss after Eqs. (15) .
Next we turn our discussion to the frequency dependence of the pair amplitudes, presented in Fig. 6(c-h) for different locations in space. First, all the pair amplitudes have the expected even-or odd-ω dependence but the odd-ω correlations exhibit a dramatic change of be- tf (iω)
x tf (iω) havior depending on if they are calculated in the center of the system at x = L/2 or at the edge at x = 1a. At the edge, all the odd-ω terms develop a drastic increase at low frequencies with a divergent profile, supporting the idea that their huge values originate due to the presence of a MZM. 3, 5, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] At x = 10a the odd-ω amplitudes acquire smaller values but still large variations in their frequency dependence. This is more clearly seen at x = 20a where the huge values of odd-ω amplitudes around ω ≈ 0, seen at the edge, is more narrow but still large. We have checked that deep in the bulk, x = 50a for this case, the odd-ω correlations in the finite size SC SSH model recover the behavior presented in Fig. 5(h) . On the contrary, the even-ω terms at x = 1a exhibits a smooth behavior as a function of frequency with non-zero values and a maximum value around low frequencies, as seen in (c). Moving towards the bulk, at x = 10a, 20a, the frequency dependence of the even-ω amplitudes is preserved, but they acquire larger values, as presented in (d,e).
A. Spectral bulk-boundary correspondence
Further understanding of the relation between oddω correlations and the topological phase can be obtained from a spectral bulk-boundary correspondence (SBBC). 66, 67 The SBBC tells us that some components of the anomalous Green's function are related to an extended version of the winding number defined in the bulk for chiral symmetric systems. For the SC SSH model, which is chiral symmetric, with open boundary conditions, the amount of intra-sublattice odd-ω components at the edge is given by
We point out that it is due to the special form of the chiral operator for the SC SSH model, discussed in Appendix C, that only the intra-sublattice components OEE appear in previous expression. Then, following Refs. 66 and 67, we numerically find that, at small ω, previous expression can be written as
where W is the winding number, given by Eq. (7) , and χ is a real number. Details about the derivation can also be found in Appendix C. By a simple inspection of Eq. (25), we notice that F L=N a (iω) diverges at low frequencies in the topological phase (W = ±1), while it is a linear function of ω in the trivial phase (W = 0). This frequency dependence is in agreement with the divergent behavior in the topological phase of the low-frequency intra-sublattice pair correlations at the edge in Fig. 6(f) . Interestingly, Eq. (25) indicates that it is possible to calculate some of the oddω correlations at the edge of the SC SSH model, which is an edge property, simply by calculating the winding number W by Eq. (7), which is a bulk property of the system.
V. FURTHER EXPERIMENTAL CONSEQUENCES
As we mentioned in Sec. II, the imbalance between the chemical potentials in sublattices A and B allow for a CDW. 70 In order to characterize the CDW, which is due to a chemical potential imbalance, we define the CDW Green's function as the imbalance between regular Green's functions at sublattices A and B, namely, G CDW = G AA − G BB , where G AA,BB are obtained from Eqs. (10) and (11) . Then, we obtain
where P (iω, k) is the same real polynomial as in Eqs. (13) with even powers of ω and k. Interestingly, Eq. (26) is non-zero if µ A = µ B , the condition that also allows for finite inter-sublattice odd-ω amplitudes, as seen in Eqs. (13) and (16) . Thus, a finite CDW is a good indicator of non-zero inter-sublattice odd-ω amplitudes. For a further interpretation and understanding, we define
where G
E(O)
CDW are even and odd functions of ω, respectively. The behavior of these two quantities is shown in Fig. 7(a-c) . In panel (a) G feature here is that both G E,O CDW take large values at the TPTs at µ A = µ c1 and µ A = µ c2 . As we move away from the TPTs, G O CDW acquires very small values since it is an odd function of ω and we are here also at small ω. On the other hand, G E CDW in the trivial phase develops smaller, but finite, values than in the topological phase. The frequency dependence of G E,O CDW is shown in panels (b,c) for µ A /t = −1, 0 and 1, values that correspond to the trivial phase, TPT, and topological phase, respectively, also used in Fig. 3(a-c) . These two panels allow us to conclude that G E,O CDW indeed represent even and odd-ω CDWs, respectively, where the latter was also predicted to appear in other systems. 78, 79 Although the condition µ A = µ B simultaneously allow for finite CDW and inter-sublattice odd-ω correlations, F OEE + , it is important to disentangle which of the CDWs captures the behavior of F OEE + . The dependence on µ A can be observed in the inset of Fig. 7(a) and it has to be compared with Fig. 5(b) , where we see that both quantities exhibit large values at the TPTs and sign change at µ A = µ B . Moreover, the frequency dependence of the odd-ω CDW and F OEE + at the TPT is also similar, with a maximum and sharp sign change at ω = 0, as seen by comparing Fig. 7 (c) and Fig. 5(g) . We, therefore, conclude that F OEE + and the odd-ω CDW exhibit a similar qualitative behavior. We can, therefore, con-clude that the emergence of a CDW signals the presence of inter-sublattice odd-ω correlations, as both occur due to a chemical potential imbalance between sublattices in the SC SSH model. This chemical potential imbalance is due to modulations of the chemical potentials, 69 obtained e.g. via electrically tunable gates. 68, 71 We argue that the CDW can be measured as an imbalance of DOSs between sublattices, thus allowing a way to obtain the inter-sublattice odd-ω correlations.
VI. CONCLUSIONS
We investigated the superconducting pair symmetries in the superconducting Su-Schrieffer-Heeger model and demonstrated that this system hosts bulk odd-frequency pair correlations in the trivial and topological phases, due to its intrinsic staggered properties. In particular, we found that the sublattice degree of freedom is responsible for extending the classification of pair correlations, thus allowing a coexistence of inter-and intra-sublattice evenand odd-frequency amplitudes. The odd-frequency correlations depend on the staggered hopping and chemical potential imbalance between sublattices, provided there is a non-zero pair potential, conditions that are also consistent with the non-zero value of the superconducting fitness.
In the topological phase in finite length systems we showed that the low-frequency odd-frequency amplitudes are enhanced at the edges of the system due to the presence of Majorana zero modes. Furthermore, we demonstrated that the spectral bulk boundary correspondence reveals the relation between intra-sublattice oddfrequency correlations and winding number, thus extending previous studies 66, 67 to systems with intrinsic staggering, such as the SC SSH model. Our results highlight odd-frequency pairing as a bulk phenomenon that goes beyond the induced effect in junctions and does not require any external actor, such as interfaces in junctions, but instead, this bulk effect solely relies on the intrinsic staggered nature of the system.
Lastly, we analyzed some of the possible experimental signals that can be correlated with odd-frequency amplitudes. First, we showed that a finite staggered hopping or chemical potential imbalance gives rise to pseudo gaps in the DOS, which then signal the presence of intra-or inter-sublattice odd-frequency amplitudes, respectively. Second, we found that the finite chemical potential imbalance between sublattices gives rise to a charge density wave whose odd-frequency component develops a qualitatively equivalent behavior as the inter-sublattice oddfrequency amplitude. These modulations in the chemical potential can be induced via e.g. electrically tunable gates, 68, 69, 71 where the charge density wave can be measure as the imbalance of DOSs between sublattices. Finally, for a finite system length, the zero energy peak in the LDOS, which reflects the emergence of a Majorana zero mode at the edges of the system, directly in-dicates the presence of large inter-and intra-sublattice odd-frequency correlations.
The denominator of the bulk Green's function in Eq. (13) is given by
By simple inspection, we verify that P (iω, k) is a real number for real ω and an even function of ω. Moreover, it is also even in k since T 2 k , ∆ 2 k and |T 2 k − ∆ k | 2 are all even in k. This can be seen by writing the following expressions,
where we have used the definitions of T k and ∆ k given by Eqs. (4) in the main text. Then, we conclude that P (iω, k) satisfies P (−iω, −k) = P (iω, k), conditions that are used when discussing the properties of Green's function given by Eq. (13) in the main text. In this appendix we explain why we take the real and imaginary parts of the bulk pair amplitudes given in Eqs. (15) . In Eqs. (13) , the real and imaginary parts of ∆ * k T k , ∆ k and ∆ * k (T 2 k − ∆ 2 k ) are given by
First, by using previous equations, F s AA(BB) (iω) from Eqs. (14) is given by
where we can see that F s AA(BB) (iω) is an odd function of ω, since P (iω, k) is real, and an even function of ω and ReF s AA(BB) (iω) = 0. Hence, we set F OEE AA(BB) (iω) = ImF s AA(BB) (iω), which is the first equation written in Eqs. (15) .
Second, similarly as before, F s AB+BA (iω) is given by
By using Eqs. (B1), we obtain that this quantity is purely imaginary and an odd function of ω. Then, we set F OEE (iω) = ImF s AB+BA (iω), which is the second equation in Eqs. (15) .
Third, F s AB−BA (iω) is given by
which is purely real and an even function of ω. Then, we set F EOE (iω) = ReF s AB+BA (iω), giving rise to the third line in Eqs. (15) .
Then, F p AA(BB) (iω) is purely imaginary with an even dependence in ω. Therefore, we set F EEO AA(BB) (iω) = ImF p AA(BB) (iω), which is the fourth expression in Eqs. (15) .
Fifth, F p AB+BA (iω) is given by
which is purely imaginary and an even function of ω. Then, we set F EEO (iω) = ImF p AB+BA (iω), leading to the fifth line in Eqs. (15) .
Sixth, for F p AB−BA (iω) we get 
which is purely real and has an odd dependence on ω. Then, we denote F OOO (iω) = ReF p AB−BA (iω), which corresponds to the last expression in Eqs. (15) . 
Appendix C: Spectral bulk-boundary correspondence
The relation between odd-ω pair amplitudes and the topological number for a chiral symmetric system is given by the spectral bulk-boundary correspondence. 66, 67 For chiral symmetric systems, following the spectral bulkboundary correspondence, we can write 66 where Γ = σ 0 τ 1 is the chiral operator for the SC SSH model, γ = diag(Γ, Γ, . . .), w(iω) is defined in a system with periodic boundary conditions, F L=N a is defined in a system with open boundary conditions, f intra AA(BB) and f OEE AA(BB) are given by Eqs. (23) and (17), respectively. In the last line of Eq. (C3), we use the fact that all matrix elements of the Hamiltonian in the real space basis is purely real and then Green's function satisfies g T = g. Note that the components of the Green's function that are related to F L=N a (iω) depend on the chiral operator γ. Interestingly, the bulk value of f OEE AA (iω, j) + f OEE BB (iω, j) is zero due to Eq. (13) with j = N/2 is sufficiently far from both edges. This can be seen from the following: 
since ∆ * k T k −∆ k T * k = 4it∆(1−ηη) sin(ka) is an odd function of k. Thus, even though the individual terms f OEE AA and f OEE BB are non-zero in the bulk (N/2), the summation of them becomes zero as shown above.
By comparing Eqs. (7) and (C2), in the limit ω → 0, w(iω) reduces to the winding number W , namely, lim ω→0 w(iω) = W , where W is given by Eq. (7) . In Eq. (C3), the summation runs from j = 1 to j = N/2 in order to extract the odd-ω amplitudes bounded close to the surface j = 1. The reason why the summation is stopped at N/2 is that the signs of f OEE AA + f OEE BB are opposite at the left and the right edges. A summation from j = 1 to N then vanishes. From the definition given by Eq. (C3), the total amount of intra-sublattice odd-ω pairing f OEE AA(BB) accumulated close to the surface is connected to the generalized winding number w(iω) through Eq. (C1).
In order to provide further evidence of the relation between boundary odd-ω amplitudes and topological number, in Fig. 8(a,b) we present numerical results of w(iω)/(iω) and F L=1000a . We have verified (not shown) that the normalized difference between w(iω)/(iω) and F L=1000a is smaller than 10 −9 . This figures demonstrate that w(iω)/(iω) and F L=1000a are the same within numerical error. In particular, we can observe that w(iω)/iω and F L=1000a (iω) have large values in the topological phase for small ω. This can be understood as follows. F L=N a is an odd function of ω and it can be expanded as 
for small value of ω, where W is the winding number. From Eq. (C1), χ is obtained from the second derivative of w(iω) and we can confirm that χ is a real number. From this expansion, the total amount of the oddω correlations F L=N a diverges in the topological phase (W = 0) and it is linear function of ω in the trivial phase (W = 0) for small ω. This is summarized in Eq. (25) of the main text.
